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APPLICATION OF THE NONPARAMETRIC GOODNESS-OF-FIT TESTS IN
TESTING COMPOSITE HYPOTHESES”®

B.Yu.Lemeshko and S.N.Postovalov

Novosibirsk

It is shown that in testing composite hypotheses the distribution laws of the statistics of
goodness-of-fit tests are substantially affected by a set of factors: the form of the law
observed; the type of parameter estimated and the number of estimated parameters;
sometimes, a concrete parameter value; the method for estimating the parameters.
Constructed approximations of the limiting statistic distributions of the nonparametric
goodness-of-fit tests are recommended for application. They extend the region of correct
usage of these tests for testing composite hypotheses.

INTRODUCTION

Testing for fit of an obtained experimental distribution and a theoretical one is one of the most common
problems of statistical analysis in processing of experimental observation results. Applying the goodness-of-fit
tests, one distinguishes testing for simple and composite hypotheses. A simple hypothesis tested has the form
Hy:F(x)=F(x,0), where F(x,0) is the probability distribution function to which the observed sample is tested
for fit, and 6 is the known value of the parameter (either scalar or vector one). A composite tested hypothesis has
the form H: F(x)e {F(x,0), 6 € ®}. In this case, the estimate of the distribution parameteré is calculated by

the same sample by which the fit is tested.

While testing the fit by a sample we calculate the value S” of statistic of the test used. To obtain the
conclusion on accepting or rejecting the hypothesis H;, we must know the conditional distribution G(S | H) of
statistic S under validity of hypothesis H. And if the probability

Pigs g’ = jg(swo)ds
5

is sufficiently great, at least P{S > S*} > a, where g(s| Hy) is the conditional density, and a is the prescribed signifi-

cance level (the probability of a first-kind error —to reject the true hypothesis H ), then it is usually considered that there
are no grounds for rejecting the hypothesis H,.
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The most commonly used goodness-of-fit tests, include nonparametric Kolmogorov tests and also Mises
©? and Q2 tests. The value
D, = sup |F,(x) - F(x,9)|,
[x] <0

where F, (x) is the empirical distribution function, F(x, 8) is the theoretical distribution function, and  is the sample
size, is used as a distance between the empirical and theoretical laws in Kolmogorov test. For testing hypotheses, one
usually uses statistic of the form [1]

_6nD, + 1

6vn

Sk

Where D, =max(D;, D;), Dj = max {i = (X 9)}, D, = max {F(x,», 0) —[—_]}, X}, X9, ..., X, are sample
I<i<n(”N 1<i<n n
values in increasing order, and F(x, 0) is the function of the distribution law, fit to which is tested. The distribution of
statistic Sg in testing the simple hypothesis in the limit obeys Kolmorogov law K () [1].
In tests of the type of ®?, the distance between the hypothetical and true distributions is considered in the

quadratic metric

[ELFu (1= FOOY w(F(xe))dF(x)

—00

where E[]is the mathematical expectation operator.
In choosing y(¢) =1 in Mises 02 tests, one uses a statistic (Cramer — Mises — Smirnov statistic) of the

}2
In testing a simple hypothesis it obeys the distribution a(S) [1].
In choosing w(r) =1/¢(1 - t) in Mises ok tests, the statistic (Anderson — Darling statistic) has the form

form

2i -1
2n

n
1
S, =no? =t Z{F(x,-, 0) -

i=]

n
Sq=nQ2=—n _22{212;' InF(x,, 6) +[1 -%‘-‘jln(l - F(x,.,e))}.

i=1

In the limit, this statistic obeys the distribution ay(S) [1].

In the case of simple hypotheses, the limiting statistic distributions of the nonparametric Kolmogorov,
Mises o2 and Q7 tests are known for a long time and do not depend on the kind of the distribution law observed
and its parameters. These tests are said to be “distribution-free” tests. This advantage predetermines common

applications of these tests.
1. Losing the “distribution freeness” in testing composite hypotheses. While testing the composite

hypotheses, when the same sample is used to estimate the parameters of the observed law F(x,0), the
nonparametric goodness-of-fit tests lose the property of “distribution freeness”. However, the nonparametric test
power in testing the composite hypotheses for the same sample sizes is always much higher than that in testing

simple ones. And whereas in testing the simple hypotheses the nonparametric Kolmogorov, ®? and Q2 Mises
tests have a lower power compared with the xz-type tests provided that the latter use the asymptotically optimal
grouping [2-5], in testing the composite hypotheses the nonparametric tests appear to be more powerful. To
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Fig. 1. Distribution functions G(S ¢ | Ho) of statistic S ¢ of Kolmogorov test: / — for simple hypothesis testing; 25 — for
calculating MLE of two parameters of Laplace, normal, Cauchy, and logistic distributions, respectively.

H,) for the tested composite

make use of their advantages, we must merely know the distribution G(S
hypotheses.

The distinctions in the limiting distributions of the same statistics in testing simple and composite
hypotheses are such significant that we cannot neglect them. Hence, many publications [6-8] warned against
inaccurate application of the goodness-of-fit tests in testing composite hypotheses.

Paper [9] was the pioneer in investigating the limiting statistic distributions of the nonparametric
goodness-of-fit tests in testing the composite hypotheses. The literature presents several approaches to using the
nonparametric goodness-of-fit tests in the case of testing the composite hypotheses. When the size of a sample is
large, it can be divided into two parts, and use one part for estimating the parameters and the other part for
testing the fit [10]. In some particular cases, the limiting statistic distributions were analyzed analytically [11],
the percent points of the distributions were constructed by statistical simulation [12-15]. For approximate
calculation of the probabilities of “fit” of the form of P{S> S*} (achievable significance level), some authors

constructed formulas that give sufficiently good approximations for small values of the corresponding
probabilities [16-20]. Authors of [21-24] investigated the statistic distributions of the nonparametric
goodness-of-fit tests and constructed models of these distributions by means of computer analysis of statistical
regularities.

It has been found that in composite hypotheses tests, the conditional distribution law of the statistic
G(S | Hp) is affected by a number of factors determining the hypothesis complexity: the form of the observed
law F(x,8) corresponding to the true hypothesis Ho; the type of the parameter estimated and the number of
parameters to be estimated, sometimes, it is a concrete value of the parameter (e.g., in the case of
gamma-distribution); the method of parameter estimation.

For example, Fig. 1 illustrates G(S | Hg) as a function of form of the observed law F(x,8) corresponding
to hypothesis H, for Kolmogorov test. Figure 2 shows distributions of the Mises o? statistic for test of fit to

Weibull distribution using various estimation methods: maximum likelihood estimates (MLE) and minimum
distance (MD) estimates obtained by minimizing the value of the statistic used in the test.

Distributions of the goodness-of-fit statistics depend substantially on the parameter estimation method.
Strictly speaking, each type of estimates for a concrete composite hypothesis tested is associated with its own
limiting statistic distribution G(S | Hy). Applying the nonparametric goodness-of-fit tests, one must consider the
estimation method used. For the maximum likelihood method the statistic distributions G(S | Hy) depend
strongly on the law corresponding to hypothesis Hy. The scatter of the distributions G(S| Hy) when using the
MD estimates minimizing the test statistic is much less dependent on the law F(x,0) corresponding to
hypothesis H .

For the MD estimates minimizing the test statistic, the empirical distributions G(S,, | H,) corresponding to
different hypotheses H have the minimal scatter. Hence, we may speak about certain “distribution freeness” for
the tests considered. If we use only this fact as a background, it would seem that only such estimation methods
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Fig. 2. Distribution functions G(S, | H) of statistic of the Mises w2 test for test of fit to Weibull distribution: / — for simple

hypothesis testing; 2 — for calculating MLE of two parameters of distribution; 3 — for calculating
MD estimates of two parameters.

must be applied for testing composite hypotheses. However, investigation of the power of the tests considered
using different estimation methods has shown that for close alternatives the tests have the greatest power in the
case of using MLE.

For small sample sizes the distributions G(S, | Hy) depend on n. However, we observe a substantial
dependence of the statistic distribution on n only for small sample sizes. Investigation has shown, that for
n > 15-20 the distributions G(S, | Hy) are sufficiently close to the limiting G(S | Hy), and we may neglect the
dependence on n.

2 Construction of approximations for the limiting statistic distributions. The limiting statistic
distributions of the nonparametric tests and tables of the percent points constructed by the present moment are
bounded by a rather narrow range of composite hypotheses.

The infinite number of random variables that can be met in practice cannot be described by a limited
subset of models of distribution laws that are most frequently used to describe real observations. Any researcher
can propose (construct) a parametric distribution model of his own for a concrete observed variable, i.e., such a
model that describes most adequately this random variable, from his point of view. Upon estimating by the given
sample the model parameters, it becomes necessary to test the hypothesis on adequacy of the sample
observations and the constructed law by means of the goodness-of-fit tests. The next problem consists in
knowledge of the limiting statistic distribution corresponding to the given composite hypothesis.

Construction of the limiting distribution by analytical methods is an extremely complicated problem. It is
most suitable to use the method of computer analysis of statistical regularities. This method showed good results
in simulating the test statistic distributions [21-24].

For this purpose, we must according to the law F(x,é) simulate N samples of the same size n as the

sample for which we must test hypothesis Hy: F(x) € {F(x, 0), 6 € ®}, and then for each of N samples calculate
estimates of the same law parameters and the value of statistic S of the corresponding goodness-of-fit test. As a
result, we will obtain a sample of values of statistic S}, Sy, ..., Sy Wwith the distribution law G(S, | Hy) for the
hypotheses H. With this sample for a considerable number N we can construct a sufficiently smooth empirical
function of distribution Gy (S, | Ho), that can be used in order to conclude whether we must accept hypothesis
Hy. If it is necessary, using Gy(S, | Hp) we can construct an approximate analytical model approximating
Gn(Sy | Hp), and then, on the basis of this model, make the decision on the hypothesis tested. '

Investigation has shown that a good analytical model for Gy (S, | Hp) is often represented by one of the
following laws: log-normal, gamma distribution, Su-Johnson distribution, and S/-Johnson distribution [23, 24].
At least, basing on the limited number of distribution laws, we can always construct a model in the form of a
mixture of laws.

Implementation of such a procedure of computer analysis of statistic distributions contains neither
difficulties of principal nor practical difficulties at present. The level of computing allows one to obtain quickly
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results of simulation, and an engineer who can write programs is able to implement the algorithm. In this paper
we constructed models approximating the limiting statistic distributions for some composite hypotheses with the
use of the MLE and MD estimates.

Table 1 contains a list of distributions relative to which we can test composite fit hypotheses using the
constructed approximations of the limiting statistic laws. The statistic distribution models constructed by
applying the method of computer analysis of statistical regularities are presented in Tables 2-7. Tables of the
models of the limiting statistic distributions, including tables of percent points, for a wider class of tested
composite hypotheses are listed on WEB-site [25].

Table 1
List of Distributions Corresponding to Tested Hypothesis H
Random variable distribution Density function
Exponential 1 /6
99
Seminormal 2 /0]
90\/-271’
Rayleigh & [
02
0
’ 2 2
Maxwell 32.x /0%
90\/%
Laplace 1 -x-0,10,
B9
Normal _ l;c—(x—(), 2/ 03
0ov2n
Log-normal ! ¢~ (Inx-6,)?/203
x90~/27
Cauchy eO_nﬁ
n[0F +(x ~0))°] ,
Logistic 4
& = T[__ exp ._Ti(_x;eﬂ 1+CXP _E('.x_il)
00v3 8ov3 0ov3
Extreme-value 1 x -0 x -0
: —expy————= —exp| - *——1
(maximum) 8 0 0o
Extreme-value 1 x -0 x -0
i —ex -exp| —
(minimum) 0 P 0o P 09
i - G}
Weibull Goxeo 1 (x) 0
R i
8;° 01
Gamma-distribution ! (x ~05)% T~ (x~62)/8,
0%r @)
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In tables 2-7, that contain the distributions G(S|H,) recommended for testing composite hypotheses,
InN (8, 8,) denotes the log-normal distribution with the density function

1 ~(Inx-0,)2/202
JL8)me——ni® 10,
X90\/21'I:

¥(6, 6, ©,) denotes the gamma-distribution with the density function

f(x)= __e_l_.___ (x _92)00' ‘e‘(x—ez)"el,
0% )

SI(8, 8, 05, 83) denotes the S/-Johnson distribution with the density function

f(x)=

2
0 -
(X_l exp —%{90+ ellnxe%} ;

03) 2

and Su(0¢, 0, 8, 03) is the Su-Johnson distribution with the density function

2

2
0 -0 -
f(x)= ! exp = 0+ 64ln i [X 63] +1

Jony(x -03)2 + 83 . 9 0,

As an example, we will show how strong is the change in the probability P{S > S*} for the same value of

statistic in the case of simple and composite hypotheses. For illustration, we will use the Mises o? test.
E x am ple Let we test a hypotheses on fit to the Weibull distribution and the calculated statistic value

S(: = 0.14. Hence, in the case of a simple hypotheses on the basis of the distribution ay(S) [1] we find that

P{S,, >0.14} =0.4215. If using the sample we calculated MLE of two distribution parameters, then a good
approximation of the limiting distribution (see Table 4) is the log-normal distribution InN(-2.9541, 0.5379), and
the corresponding probability P{S, >0.14} =0.0331. For MD estimates in a similar situation, the most suitable
model (see Table 5) is the Su-Johnson distribution Su(-1.5326, 1.4446, 0.0147, 0.0188) according to which
P{S,, >0.14} =0.0058.

CONCLUSION

To test composite hypotheses and choose (or construct) statistic distributions G(S|[Hg) of the
goodness-of-fit tests, one should take into account all factors that affect the statistic distribution law: the form of
the law observed; the type of the parameter estimated and the number of the parameters; sometimes, a concrete
parameter value; the method of parameter estimation.

The constructed approximations of the limiting statistic distributions of the nonparametric goodness-of-fit
tests extend the region of correct application of these tests and may be recommended to a wide range of
researchers. The tested method for simulation of statistic distributions may be recommended for construction of
statistical regularities when it is impossible to solve the problem analytically.
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