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Abstract. In composite hypotheses testing, when the estimate of the scalar or vector 

parameter of the law of distribution of probabilities is calculated by the same sample, the 

nonparametric goodness-of-fit Kolmogorov, Cramer-Mises-Smirnov, Anderson-Darling 

tests lose the free distribution property. In composite hypotheses testing, the conditional 

distribution law of the statistic is affected by a number of factors: the form of the observed 

law of distribution of probabilities corresponding to the true checked hypothesis; the type 

of the parameter estimated and the amount of parameters to be estimated; sometimes, it is 

a specific value of the parameter (e.g., in the case of gamma-distribution and beta-

distribution families); the method of parameter estimation. In this paper we present more 

precise results (tables of percentage points and statistic distribution models) for the 

nonparametric goodness-of-fit tests in testing composite hypotheses using the maximum 

likelihood estimate (MLE) for some laws of distribution of probabilities. 
Keywords: goodness-of-fit test, composite hypotheses testing, Kolmogorov test, Cramer-

Mises-Smirnov test, Anderson-Darling test. 
 

 

In composite hypotheses testing of the form 0H : { ),,()( θ∈ xFxF  

}Θ∈θ , when the estimate θ̂  of the scalar or vector distribution 

parameter ),( θxF  is calculated by the same sample, the nonparametric 

goodness-of-fit Kolmogorov, 
2ω  Cramer-Mises-Smirnov, 

2Ω  Anderson-

Darling tests lose the free distribution property. 

The value 

),()(sup θ−=
∞<

xFxFD n
x

n , 

where )(xFn  is the empirical distribution function, n  is the sample size, 

is used in Kolmogorov test as a distance between the empirical and 

theoretical laws. In testing hypotheses, a statistic with Bolshev [Bolshev 

and Smirnov, 1983] correction of the form  
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n  is the sample size, nxxx ,,, 21 K  are sample values in increasing order 

is usually used. The distribution of statistic (1) in testing simple 

hypotheses obeys the Kolmogorov distribution law )(SK . 

In 
2ω  Cramer-Mises-Smirnov test, one uses a statistic of the form  
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and in  test of 
2Ω  Anderson-Darling type, the statistic of the form  

∑
=

Ω








θ−






 −
−+θ

−
−−=

n

i

ii xF
n

i
xF

n

i
nS

1

)),(1ln(
2

12
1),(ln

2

12
2 .   (3) 

In testing a simple hypothesis, statistic (2) obeys the distribution )(1 Sa , 

and statistic (3) obeys the distribution )(2 Sa  [Bolshev and Smirnov, 

1983].  

In composite hypotheses testing, the conditional distribution law of the 

statistic )( 0HSG  is affected by a number of factors: the form of the 

observed law ),( θxF  corresponding to the true hypothesis 0H ; the type 

of the parameter estimated and the number of parameters to be estimated; 

sometimes, it is a specific value of the parameter (e.g., in the case of  

gamma-distribution and beta-distribution families); the method of 

parameter estimation. The distinctions in the limiting distributions of the 

same statistics in testing simple and composite hypotheses are so 

significant that we cannot neglect them. For example, Figure 1 shows 

distributions of the Kolmogorov statistic (1) while testing the composite 

hypotheses subject to different laws using maximum likelihood estimates 

(MLE) of two parameters, and Figure 2 represents a similar situation for 

statistic (3) distributions of the Anderson-Darling. Figure 3 illustrates 



Improvement of statistic distribution models … 

 
3 

statistic distribution dependence (2) of the Cramer-Mises-Smirnov test 

upon the type of parameter estimated by the example of Weibull law.  

The paper [Kac et al., 1955] was a pioneer in investigating statistic 

distributions of the nonparametric goodness-of-fit tests with composite 

hypotheses. Then, for the solution to this problem, various approaches 

where used [Durbin, 1976], [Martinov, 1978], [Pearson and Hartley, 

1972], [Stephens, 1970], [Stephens, 1974], [Chandra et al., 1981], 

[Tyurin, 1984], [Tyurin et al., 1984]. 

 
Fig. 1. The Kolmogorov statistic (1) distributions for testing composite hypotheses with 

calculating MLE of two law parameters  
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Fig. 2. The Anderson-Darling statistic (3) distributions for testing composite hypotheses 

with calculating MLE of two law parameters 

 

In our research [Lemeshko, 1998], [Lemeshko and Postovalov, 2001], 

[Lemeshko and Maklakov, 2004], statistic distributions of the nonpa-

rametric goodness-of-fit tests are investigated by the methods of statistical 

modeling, and for constructed empirical distributions approximate models 

of law are found. The results obtained were used to develop recommen-

dations for standardization [R 50.1.037-2002, 2002]. 

 
Fig. 3. The Cramer-Mises-Smirnov statistic (2) distributions for testing composite 

hypotheses with calculating MLE of Weibull distribution law parameters 

 

In this paper we present more precise results (tables of percentage 

points and statistic distribution models) for the nonparametric goodness-

of-fit tests in testing composite hypotheses using the maximum likelihood 

estimate (MLE). Table 1 contains a list of distributions relative to which 

we can test composite fit hypotheses using the constructed approximations 

of the limiting statistic distributions.  

Upper percentage points are presented in Table 2, and constructed 

statistic distribution models are presented in Table 3.  

Distributions )( 0HSG  of the Kolmogorov statistic are best approxi-

mated by gamma-distributions family (see Table 3) with the density 

function 
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And distributions of the Cramer-Mises-Smirnov and the Anderson-

Darling statistics are well approximated by the family of the Sb-Johnson 

distributions with the density function 
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Table 1. Random variable distribution. 

 



Lemeshko et al. 6 

The tables of percentage points and statistic distributions models were 

constructed by modeled statistic samples with the size 
610=N . In this 

case, the samples of pseudorandom variables, belonging to ),( θxF , were 

generated with the size 
310=n . 
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